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In this work the effect of initial twist on waue charactetitics in a prestressed elastic thin tube filled with a 
uiscous fluid is studied. Initially the tube is subjected to a large static transmural pressure Pi, an axial stretch 
A,, and a twisting moment M. Assuming that in the course of fluid flow a small incremental axially symmetric 
disturbance is added on this field the equations governing the incremental motion are obtained both for elastic 
tube and viscous fluid. Seeking a harmonic wave type of solution to the field equations and using the boundaty 
conditions the dispersion relation is obtained for long-waue approximation, Considering the difjiculties of 
analytical treatment of the dispersion equation a numerical analysis is presented and the results are discussed. 
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1. Introduction 
Propagation of harmonic waves in initially stressed (or 
unstressed) circularly cylindrical tubes filled with a viscous 
(or inviscid) fluid is a problem of interest since the time of 
Thomas Young, who first calculated the pulse wave speed 
in human arteries. The current literature on the subject is 
so rich that it is almost impossible to cite all those 
contributions here. The historical evolution of the subject 
may be found in the books by McDonald’ and Fung’ and 
in the survey papers by Lambossy and Skalak.4 Signifi- 
cant contributions on symmetrical wave motions in elastic 
tubes filled with a viscous fluid have been made by Witzig,’ 
Morgan and Kiely,6 Womersley? Atabek and L~w,~ and 
more recently by Rachev.’ The propagation of torsional 
waves in fluid-filled thin tubes has been studied by Maxwell 
and Anliker, to Moodie and Barclay, ‘t Demiray,” and 
Demiray and Ercengiz.13 In the majority of these works, 
either the effects of initial stresses have been neglected or 
taken into consideration in an ad hoc manner. Moreover 
the elastic or viscoelastic coefficients of the incremental 
stress have been treated as some material constants. In 
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reality these coefficients are some functions of the initial 
deformation, and hence the value of them changes with 
deformation. 
As is well known, for a healthy young human being the 
diastolic pressure is SO mm Hg, the systolic pressure is 120 
mm Hg, and the mean pressure is around 100 mm Hg. 
Furthermore, under physiological conditions, large blood 
vessels are subjected to an axial stretch A,, which is about 
1.5. Besides these effects, due to improper functioning of 
heart valves, the end pressure applied by the left ventricle 
may not be uniform through the circumference of the 
arterial wall. In such cases it is possible to have a twist in 
the arterial wall. This is equivalent to stating that the 
arteries are initially subjected to a large static deforma- 
tion. In the course of blood flow, upon this initial static 
field a pressure deviation +20 mm Hg is applied by the 
left ventricle. Considering the stiffening properties of soft 
biological tissues with stress the dynamic displacements 
resulting from this pressure deviation and fluid motion 
may be assumed to be small as compared to the initial 
static field. Therefore the theory of small deformation 
superimposed on initial large static deformation may be 
employed in analyzing the harmonic wave propagation in 
large blood vessels. 
In the present work, utilizing the theory of small dis- 
placements superimposed on large initial static deforma- 
tion, the propagation of harmonic waves in an initially 
inflated, axially stretched and twisted elastic thin tube 
filled with a viscous fluid is studied. Considering the 
physiological conditions the stress distribution resulting 
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from uniform inner pressure, axial stretch, and circumfer- 
ential twist is obtained. Superimposing a small but dy- 
namic displacement field upon this static field the govern- 
ing incremental equations of motion are obtained in the 
cylindrical polar coordinates. Seeking a harmonic wave 
type of solution to the field equations of the fluid and the 
tube, and employing the boundary conditions, the disper- 
sion relation is obtained for the long-wave approximation. 
Due to the difficulty of the analysis of the dispersion 
equation by analytical means, a numerical technique is 
employed, and the variations of propagation speeds and 
the transmission coefficients are evaluated with a Womer- 
sley parameter, the stretch ratios and the twist parameter 
and the results are depicted in graphical forms. It is shown 
that, although the incremental motion is axially symmet- 
ric, due to the initial twist of the tube material the 
torsional wave is coupled with two other waves propagat- 
ing in such a composite medium. 
2. Basic equations 
Due to interactions of blood with its container the pul- 
satile motion of blood, resulting from the periodic motion 
of the heart, leads to the wave phenomena in arteries. 
Therefore the governing equations and the boundary con- 
ditions should include these interactions. 
2.1 Equations of fluid 
Blood is known to be an incompressible non-Newtonian 
fluid. However, in the course of blood flow in arteries, 
small velocity and pressure increments are added on the 
existing uniform initial transmural pressure field Pi. 
Therefore the incremental behavior of the blood may be 
treated as Newtonian. Thus the equations of symmetrical 
motion in the cylindrical polar coordinates may be ex- 
pressed as follows 
@ ldii u d2C 
--$+cL, ( d2ii dr2+;z--+az2 -Px=O, r2 1 dii 
a25 ldii 0 d2E dv 
ar2 
+rar--+az2 -“x=0, 
r2 1 
@ 
--g+P” ( a28 -+I?+a25 _p-z=o, dr2 r dr dz2 ) at 
(1) 
and the incompressibility condition as 
that we need in using the boundary conditions are given 
by 
(3) 
2.2 Equations of solid body 
The arterial wall material is known to be incompressible, 
anisotropic, and viscoelastic (cf. Fung14 and Cox”). How- 
ever, for its mathematical simplicity in nonlinear analysis, 
the arterial wall material will be assumed to be incom- 
pressible, homogeneous, isotropic, and elastic. In the pre- 
sent work we shall adopt the constitutive relations pro- 
posed by Demiray I6 for such a soft biological tissue, as, 
tk’ = n-gk’ + pexp[y(Z, - 3)]ck’ (4) 
where ck’ = GKLFkFL is the Finger deformation tensor, 
F,$ = Jxk/JXK is the deformation gradient, GKL and gk’ 
are, respectively, the reciprocal metric tensors of the 
material and spatial frames, I, = c: + cz + c: is the first 
invariant of Finger deformation tensor, tk’ is the Cauchy 
stress tensor, v is the hydrostatic pressure to be deter- 
mined from the field equations and the boundary condi- 
tions, and p and y are two material constants to be 
determined from experimental measurements. 
Now let us consider a circularly cylindrical thin tube 
made of such an incompressible and isotropic-elastic ma- 
terial subjected to a large transmural pressure P,, axial 
stretch A, (or axial force N), and a torque M in the 
circumferential direction. Upon applications of such a 
static loading the following type of deformation, in the 
cylindrical polar coordinates, will be developed in the tube 
r = (R2/A, +A)l”, e=o+m, z=A,~ (5) 
where (R,O, 2) and (r, 0, z) are the cylindrical polar 
coordinates of a material point before and after deforma- 
tion, K is the twist angle, and A is an integration constant 
to be determined from the boundary conditions. Here we 
should point out that such a twist of the artery may result 
from the nonsymmetrical end condition created by the left 
ventricle. 
Introducing equation (5) into (4) the nonvanishing stress 
components read 
t”=7ro+ 
Tl- IL-F&, A,), A= AZ e z 
au ii dw 
--$+-+dr=o, 
r 
(2) 
to = TO + p(A2 + K2r2)F(A e0 0 A ) 8, Z 
t,“Z = 7-r’+ /.LA;F(A,, A,), fiz = /.~A,tiF(h,, A,) 
where p is the mass density, F is the pressure increment, p, is the viscosity, E, 5, and E are, respectively, the 
velocity components of the fluid body in the radial, cir- 
cumferential, and axial directions. The stress components 
F(A,,A,)=exp y Ai+A:+- 
[( 
1 
A2 A= 0 z 
A,r f (6) 
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These stress components must satisfy the Cauchy’s equa- 
tions of equilibrium, which read in the cylindrical polar 
coordinates, 
(7) 
Introducing equation (6) into (7), integrating the result 
with respect to r, and using the boundary condition on the 
outer surface, i.e., t&-J = 0, we obtain 
t,“=p ‘F&h,) A:--& - / ( ) 
dr 
‘0 82 r 
+ p~~_/~F(h,, A,)rdr, 
To 
(8) 
where r, denotes the deformed outer radius of the tube. 
Since the artery is subjected to the inner pressure Pi, from 
equation (81, the pressure deformation relation reads 
Pi = ~jrOF(h,h,) Ai - --& - 
( ) 
dr 
r, 62 r 
+,uK2 
/ 
r°F(A,, A,)rdr. 
r. 
(9) 
In this work we are interested in thin tubes, for which 
case the radial stress component t,, may be taken to be 
zero. From this assumption and equation (6) the hydro- 
static pressure term becomes 
TO= -7 ’ F6i,, A,). 
A2 A2 e z 
(101 
Thus the other stress components take the following form 
to =pF(h ZZ 
t,O=~A,EF(~,,A,), &=$, (11) 
where i? and ? are, respectively, the midradius of the tube 
before and after deformation. Similarly, for thin tubes, the 
inner pressure may be approximated by 
P~=pF(l,,A,)[(~~-~)~+K’ih] (12) 
where h is the deformed thickness of the tube, related to 
the undeformed thickness H through 
H 
hs=_ 
AoAz . 
(131 
The torque M applied to the tube may be expressed as 
follows 
M = 2~pKf3hF(&,, A,). (14) 
Now, upon this initial deformation, we shall superimpose 
a small displacement field u(z, t), or in components form, 
ui =u(z,t), u,=u(t,t), u,=w(t,t); where U, U, and w 
are the radial, circumferential, and axial displacement 
components in the cylindrical polar coordinates. A mate- 
rial point located at (?, 8, z) on the midsurface will move 
to a new position (F + U, 0 + v/F, z + w) after superimpos- 
ing this small displacement field. Thus the position vector 
after final deformation may be expressed by 
r = (? + u)e, + veg + (z + w)e,. (15) 
The vector tangent to the generator of the cylindrical tube 
before this final deformation transforms into another vec- 
tor defined by 
T, = g = u,,e, + v,,e, + (1 + w,z)e,. (16) 
Here for the sake of brevity we have defined (e), z = 
a(*>/az. For small incremental deformation the length of 
the vector T, may be approximated by 
~,I=A,Z(l+w,z). (17) 
Thus the unit vector t, along T, may be given by 
Tl 
t, = n = u,,e, + v,,eg + e,. 
1 
(18) 
The vector Fe, in the circumferential direction before this 
small deformation transforms into T, after the deforma- 
tion and may be given by 
‘b=$= -ve,+(r+u)e,. (19) 
The length of this vector may be approximated by 
rr,I=A,=-r+u. 
Hence the unit vector t, along T, is given by 
(20) 
Tz 
t, = - z - !e, + e,. 
A2 r 
(21) 
The external unit normal vector n to this deformed mid- 
surface is given 
V 
n=t,Xt,=e,+:e,-u,,e,. 
r 
(22) 
Let the external force acting per unit area of the tube be 
represented by 
P = P,t, + P,t, + P,n, (23) 
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where P,, P2, and P,, are the components, in respective 
directions, of the external force resulting from fluid-tube 
interactions. Then the total force acting on the small tube 
element (see Figure I) may be given by 
+(P,t,+P,t,+P,t,)(T+u+Tw,z) d8d.2, 
I 
(24) 
where iV1 and N2 are the resultant membrane forces in 
the meridional and circumferential directions, and NZ1 
and Nr2 are the resultant shear forces acting in the 
meridional and circumferential directions, respectively. 
In this work, since the superimposed deformation is 
assumed to be small, equation (24) may be linearized. For 
that purpose we set 
N,=N,o+Z,, N,=N,o+Z,, N,,=N,o,+&, 
N12=N~+~21, f’,=O+~,, 
P,=O+P,, P,=pi+p, (25) 
where AJo,. . . , Not are the initial membrane forces and 
Z 1,. . . , P,, are the increments of the corresponding quanti- 
ties resulting from the incremental deformation. Introduc- 
ing equation (25) into (24) and neglecting the higher order 
terms in the incremental quantities one obtains 
I e8 
+ 
a% 
(Nzo-N,o); +r- 
dt 
+?Fp, e, d0d.z. 
Ii 
(26) 
This force should be equal to the mass times the accelera- 
tion of this small element and, in linearized form, it may 
be given by 
(27) 
where p is the mass density of the tube material. Equat- 
ing equations (26) to (27), the equations of motion, in 
N21 
Figure 1. Membrane forces acting on a small tube element. 
component form take the following form 
2 NO 2Np, dv X2 
N$+ju----- 
2 
r dz r 
+P,=ph$ 
(28) 
2 2N,o, du dZ,, 
N;$+-- 
2 
+- 
i ai! dZ 
+p2 =ph$ (29) 
d2W 
+p, =ph- 
a2 . 
(30) 
In obtaining these equations we have utilized the follow- 
ing relation, which is known as the Laplace Law, 
N,o=FPi. (31) 
In order to complete the governing field equations one 
must know the expressions of the forces applied by the 
viscous fluid. As was assumed before the fluid is initially 
subjected to a uniform pressure Pi. Upon application of 
the incremental field the total stress tensor of the fluid 
may be expressed by 
u /cl = -pi6,, + akl, 
where Ckr is the incremental 
given by 
(32) 
stress tensor of the fluid and 
(33) 
where p is the increment in fluid pressure and the indices 
following a comma are used to denote the partial differen- 
tiation with respect to that coordinate. The components of 
the reaction force on the surface of the tube are defined 
by 
P, = -tlunlrci, P2 = -t2cnLi, 
P, = -nanlrzi. (34) 
Noticing that Zkr is of the same order of the other 
incremental quantities and using equation (22) the trac- 
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tion components become and (42) we have 
P, =& = -qrlr+, P2 =& = -qolr+ 
P, = pi - cJ,+. (35) 
Introducing equation (35) into equations (28)-(30) the 
following equations are obtained 
(36) 
2N,o, du dC,, 
N;$+i-+-- 
d2V 
a.2 a2 
%lr=i = ph-g. 
(37) 
d2W 
&lr=i = ph- 
r3t2 . 
(38) 
In these equations the explicit expressions of the incre- 
mental membrane forces are unknown. In order to com- 
plete the field equations of the membrane the expressions 
of the incremental force resultants X1, Z,, and z12 = X21 
must be given. Let tk, be the stress tensor defined in the 
final configuration. By definition the stress resultants N,, 
N,, and N12 may be given by 
N,=hb,, N,=h’a,, N,,=h’a,,, (39) 
where h’ is the thickness of the tube in the final configu- 
ration and gl, a,, and g12 are defined by 
where t:“) are the components of the unit vectors t, in 
the cylindrical polar coordinates. Introducing the expres- 
sions of t, and t, into equation (40) and keeping only the 
linear terms in the incremental quantities we have 
dV dV 
ml = t,, + %z-jy 7 a2 = 4j, 3 u1* = t,, + to,-. 
dz 
(41) 
Here, for thin tubes, we have already used the approxima- 
tions I,, z 0, t,, S 0, t,, = 0. 
Since the material under investigation is assumed to be 
incompressible we have 
Adedz= (T-+u)(l + w,)h’dedz, 
or, solving this equation for h’ one gets 
h 
h’ = (1 + u/?)(l + w,) 
(42) 
Introducing the incremental stress tensor fkl as t,, = t.& + 
i,, in equation (39) and utilizing the approximations (41) 
(43) 
To determine the explicit expressions of C,, C,, and Xl2 
we shall consult the theory of so-called “small displace- 
ments superimposed on large static deformation.” The 
derivation of the governing differential equations and the 
constitutive relations for this type of deformation had 
been given in the books by Green and Zerna” and Erin- 
gen and $hubi. l8 For the specific problem that we are 
studying here the physical components are given by 
z1 = h(af,e,, + a,“,e2Z + 2ap3e12) 
X2 = h(a&e,, + ai2e22 + 2a&e,,) 
Xl2 = h(c&e,, + a!2e22 + 2a&e,,), (44) 
where the coefficients CY: (i, j = 1,2,3) and the infinitesi- 
mal strain components cap ((Y, p = 1,2) are defined by 
3 
a,O,=pF - [( h* A2 +A* + K2F2 e 0 I 
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and 
where w is the angular frequency, k is the wave number, 
P(r),..., w(r) are unknown amplitude functions of the 
fluid, and B, C, and D are three constants standing for 
the complex wave amplitudes of the tube. Introducing 
equation (51) into equations (1) and (2) we obtain 
dp d2ij 1 dii ii 
dW I.4 1 dv -iijwo= 0, 
e,, = -, 
dZ 
e22= 7, e12 = - -. 
2 dz 
(46) 
-z +/-L” z +; z -- -k20 r2 
(53) 
Introducing equation (44) into equations (36)-(38) we 
obtain 
1 dp v 
-+------k2v 
r2 
d2u (N,o -~LY;~) 
W$T+ 
(2NB"z + ha&) dv 
f2 u- p 
at 
ha;, dw a2u 
- - - - cr,Jr+ = ph dt2, 
F a.2 
(47) 
d2V 
- %Jr=i = ph-p 
(N,O-N,O+ha,o,) au d2W d2V 
i 
at +hc+- 
aZ2 + hfff+ 
a2W - (TJr=i = ph- 
dt2 . 
(49) 
The equations (I), (2), and (47)--(49) are to be solved 
under the following boundary conditions 
Here we should point out that, although the motion of the 
fluid in the circumferential direction is not coupled with 
the motions in the radial and axial directions, due to the 
initial twist of the tube all the field quantities are coupled. 
However, from the standpoint of the boundary conditions 
in equation (501, the velocity components of the fluid are 
also coupled. 
1 dv 
+ ; z - k2p - ipww= 0, (55) 
di? r/ 
z+--ikW=O. 
r 
(56) 
The solution of these ordinary differential equations is 
given as 
F= -i$.vl,Z,(kr), u=k[A,Z,(kr) +A,J,(sr)l 
V= -ikA,J,(sr), W= -i[kA,Z,(sr) +sA,J,(sr)] 
s2 = -k2 - ipo/po, (57) 
where Ai (i = 1,2,3) are three integration constants to be 
determined from the boundary conditions. 
Before we attempt to solve the equations (47)-(49) it 
would be more convenient to calculate the stress compo- 
nents of the fluid body. Dropping the exponential factors 
their values on the midsurface may be given as follows 
- a,, = -(ipo+ 2p,k2)Zo(k?) + yZ,(ki) A, 
I 
+ 
[ 
2puk 
-J,(S) - 2/L”k.sJO(Si.) A, 
r 1 - are= -ip,k L,(si) -s.Z&T) A, 
P I 
- ~,=2iCLuk2Zl(k?)Al+(2i~“k2-~~)~~(~~)]A2. 
(58) 
Introducing equation (52) into equations (47)-(49) and 
utilizing equation (58) the following algebraic equations 
are obtained 
3. Solution to field equations 
In this section we shall seek a harmonic wave type of 
solution to the differential equations given in equations 
(11, (2), and (47)-(49). For such motions the proper form 
of the field quantities should be given as follows 
N;-ha& 
pho2 - N,0k2 + f2 B 1 
ik 
+ -(2N,“, +ha,o,)C + 
ikh a & 
-D 
{p,E,E,E} = {PL(r),~j(r),~(r),W(r)) 
2/-G 
-(ipw+ 2~,k2)Zo(W) + TZ,(kF) 1 AI 
{u,v,w~ = 
Xexp[i(ot -kz)l (51) 
{B,C, D)exp[i(ot - kz)l, (52) 
20 
+ --J,(G) - 
r 
2j.4cxf0tsF) 
I 
A, = 0 (59) 
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- ;(*N,: +hCY,o,)B 
+[phW2-(N;+h&k2]C-h&k20 
- ipuk zJ,(si) - sJ,(sF) A, = 0, 
1 I 
(60) 
r 
-;(N:‘-Nd”+hn:,)B-hc&k’C 
+[ phu2 - hapIk2]D + 2ip~,k’l,(kF)A, 
+ (2ip,k2 - pw)J,(sW, = 0. (61) 
The boundary conditions in equation (SO) take the follow- 
ing form 
ioB - k[Z,(k?)A, +J,(s?)A,] = 0 (62) 
oc + kJ,(s?)A, = 0 (63) 
OD + kl,(kF)A, + sl,,(sF)A, = 0. (64) 
Eliminating the coefficients B, C, and D between the 
equations (59)-(64) the following nondimensionalized ho- 
mogeneous algebraic equations are obtained 
( azlmt2 + /i,f12+--- A2 - 2ivh,R&’ A, 0 11 
s - a22 
R2-G&2+--- 
x2 i 1 + 2ivA,fl &g e 
(65) 
m52[(2T+ ag2)f - agIIAl 
+m&I[(2T+ Q32)gma311A2 
+ 5{m[fi2 - (G + (Y33)52]&g 
+iX,h, vfi2(2g - ll)A, = 0, (66) 
5[m(G-S+a,2)52f+m(n2-a,,52) 
-2iv[ThiA,0f]AI 
+ 5 [ m(G - S + a12)k2g + m(R2 - q1 t2) 
+AiA,(R2 - 2ivRt2)g]A2 
- m%q3535gA3 = 0, (67) 
where, for convenience, the following nondimensionalized 
quantities are introduced 
(68) 
In order to have a nontrivial solution for the unknowns 
A,, A,, and A, the determinant of the coefficient matrix 
must vanish. If this operation is carried out the result will 
be too complicated and we shall not list it here. In what 
follows we shall study the long-wave limit. 
3.1 Long-wave limit 
Even for large arteries the wavelength is very large as 
compared to the midradius of arteries. Therefore the 
nondimensionalized wavelength 5 will be very small as 
compared to unity so that we may neglect the terms 
containing 5. Moreover in this limiting case the function f 
approaches unity and 5 approaches to i3/2(R/v)1/2. In 
addition, as pointed out by Kuikenr9 and Bauer et al.,” 
the Womersley parameter PO = (fl/z~)‘/~ satisfies the 
condition ( 5 //PO -=c 1. Therefore we may neglect the terms 
with factors vfl and v2f12 appearing in the expansion. 
Under these simplifying assumptions the dispersion rela- 
tion reduces to 
Blc6 + B2c4 + B3c2 + B, = 0, (69) 
where the coefficients Bi (i = 1,2,3,4) are defined by 
B, = AiA,(m +gAiA,) 
S a22 
+G---- -aI, 
2 2 1 1 
- AiA,(G + (Y33)(m +gAiA,) 
+g(G - S + al2 + azl) - al1 
1 
+m2 
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X(2mg- A,2A,g-m) + 2AiA,gT(a3, + a13) 
+g’@z( (r32 (y13 + a23 a31 - a31a13) 
+Q23(Y32 mg- 2-z 
( 
Aj$A, m 
)I 
, 
{(G + a,,)(Sa,, - Ga2, - Sa,, 
+~,I%2 - a12 a211 
+ MY (~12 a31 + ~(~13 + Ga,, 
- a32a11 - (Y23Lyll -s - 2Tq,) 
+s(q3a31 - a23 a31 ) + Ga23 a3l 
+ ( a23 Q3l a12 + a32 a21 a13 
- a23ff32all - a13a31a22)~~ (70) 
If the initial twist is zero, i.e., K = 0, the dispersion 
relation in equation (69) reduces to 
(D,c4 + D1c2 + D2)[c2 - (G + (Yap)] = 0 (71) 
where the coefficients Di (i = 0, 1,2) are defined by 
Do = AiA,(m +gAiA,) 
D, =m2 g-i (cY~~-A) 
( 1 
S 
G-~-~+a,2+rr2, 
1 1 - a11 
+ a12 *z1 - %Q221. (72) 
As is seen from equation (71), in this special case, the 
torsional wave is not coupled with the remaining waves. 
The existence of an initial twist provides the coupling 
between these three waves. 
In general it is quite difficult to investigate the disper- 
sion relation in equation (69) by analytical means. There- 
fore in what follows we shall study the dispersion equation 
by numerical means. 
4. Numerical analysis and discussion 
In this section we shall study the dispersion equation by 
numerical means. For that purpose we decompose the 
complex phase velocity, c = CI/[, into its real and imagi- 
nary parts as 
c =X+iY. (73) 
Then the speed of propagation u and the transmission 
coefficient A may be expressed as 
We further need the expressions of nondimensionalized 
coefficients aij and the initial membrane forces, which 
may be given by, 
)I 
F&, A,) 
cx 21 = 
[( 
&p&2) .h( +$) 
)I 
HA,, A,> 
a22 = 
I( 
3 
-+A;+E~ 
A2 A2 e .? 
xF&, A,) 
1 
a33 = A;+~~+h~-r- A2 A2 
+ 2y~~ F(Ae, A,), 
e z ) 
(75) 
and 
) 
F(Ae 3 A,) 
(76) 
where E = K? stands for the twist parameter. 
For numerical purposes one also needs the value of the 
material constant y. Employing the experimental results 
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Figure 2. Variation of primary wave speed with the Womersley 
parameter, stretch ratios, and twist angle. 
by Simon et al.*l on the canine abdomi;al artery with 
geometrical characteristics H = 0.06 cm, R = 0.35 cm we 
have determined (Demiray**) the material coefficient y 
as y = 1.948. We further notice that the mass densities of 
the arterial ~$1 and the blood are quite close, i.e., p/p = 1 
and m = H/R. The dispersion relation is evaluated nu- 
merically for various stretch ratios, E and Womersley 
parameter PO = (sZ/vY/*, and the results are depicted in 
Figures 2- 7. 
The variation of primary wave speed with the Womers- 
ley parameter, twist angle, and stretch ratios is given in 
Figure 2. Examination of this figure reveals that the wave 
speed increases with the Womersley parameter, axial 
l4 yi=O” 
12 1 
- - A\, = 1.3 
- A,= 1.53 
10: 
E = 0.2 
03 : A@ = 1.3 
___--- EZO‘j 
6: 
- 0.2 - - E = 
--_-_ 
4; _-_----__-_____---__~~ 0 
2~....,..,,,.,...,.,.,.,,,,,,,,,,,,,,,,,,, 
0 2 
4 30 6 8 
Figure 4. Variation of torsional wave speed with the Womers- 
ley parameter, stretch ratios, and twist angle. 
stretch, and twist angle for low frequencies. However, for 
large values of the frequency the wave speed starts to 
decrease with the twist parameter. Nevertheless this wave 
speed is not very sensitive to changes in initial twist angle. 
The variation of secondary wave speed with the same set 
of variables is shown in Figure 3. This speed increases very 
fast with the Womersley parameter and suddenly slows 
down. This wave speed also increases with increasing axial 
stretch ratio and twist angle, but it is not so sensitive to 
changes in initial twist angle. Finally the variation of 
torsional wave speed with the same set of parameters is 
shown in Figure 4. As is seen for a vanishing twist angle 
this wave is not dispersive but the existence of an initial 
1.0 
0.8 
0.6 
Xl 
0.4 
0.2 
0.0 ~..,,.,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 0.0 
0 2 4 6 8 
PO 
m 
2 4 6 8 
PO 
Figure 3. Variation of secondary wave speed with the Womer- Figure 5. Variation of transmission coefficient of primary with 
sley parameter, stretch ratios, and twist angle. Womersley parameter stretch ratios and twist angle. 
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0.8 
0.0 
coefficient of the primary wave first decreases very fast 
with the Womersley parameter then starts to increase 
gradually, but it increases with twist angle. The variation 
of transmission coefficient of the secondary wave is shown 
in Figure 6. This coefficient increases with the Womersley 
parameter and axial stretch but decreases with twist angle. 
Finally the variation of the transmission coefficient of the 
torsional wave is given in Figure 7. This coefficient is very 
sensitive to the changes in twist angle. For zero twist angle 
the totality of wave is transmitted. However the existence 
of an initial twist causes the wave amplitude to disperse 
and diminish with distance. This coefficient decreases 
with the Womersley parameter stretch ratio and the twist 
angle. 
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twist leads to a dispersive wave. This wave speed also 
increases with the above-mentioned set of parameters. 
Contrary to previous waves this speed is quite sensitive to 
changes in twist angle. Here we should note that when the 
initial twist angle E = 0 the first two waves reduce to the 
case studied by Rachev,’ whereas the last one reduces to 
the case we studied in Ref. 12. 
The variations of transmission coefficients with stretch 
ratio, twist angle, and Womersley parameter are depicted 
in Figures 5-7. Figure 5 shows that the transmission 
E=O 
Figure 7. Variation of transmission coefficient of torsional wave 
with the Womersley parameter. stretch ratios, and twist angle. 
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